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Question 1 [16 marks] 


(a) Using either inequalities or interval notation, describe the subsets of the real 


number line corresponding to the domain and range of the function 


f(z) = 


2 —1 


Is this function one-to-one? Give a reason for your answer. [6 marks] 


(b) Use properties of limits to evaluate 


. n? —2n4+3 
aries 3n3 +n —-6 
[4 marks] 


(c) Recall that 


lim sin(t,) = sin(0) =0, and 
lim cos(%,) = cos(0) = 1 


for any sequence {z,}°°, such that lim, .. Zn =0. Use these facts, together with 
the double-angle formula from trigonometry, to show that cos(z) is continuous at 


any point a on the real number line. [6 marks] 


Question 2 [16 marks] 


a) Suppose the charge @ in an electric circuit depends on time according to the 
g 
formula 
Q = 2sin(2rt) + 2cos(27t) + 3. 


If Q is measured in Coulombs, and time is measured in seconds, what is the in- 
stantaneous rate of change of Q (i.e., the instantaneous current) at time t = 0.5 
sec. ? Is Q increasing or decreasing at this moment? 

[4 marks] 
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(b) Use techniques of differentiation to compute g for each of the following func- 


tions : 
(i) f(x) = 226 - 5 + Va? 
[4 marks] 
3 
@) f@)= 5 
[4 marks] 
(iit) f(e) = 8 
[4 marks] 
Question 3 [20 marks] 


(a) Grain is stored in a conical vat with circular cross-section of radius r for a given 
height h. The angle at the apex at the bottom of the cone is 45 degrees, so one 
may assume that r = h at any given height, and consequently the volume of grain 
stored in the vat up to a height A is determined by the formula 

1 

V ==ch3 . 

3 
Suppose a spout is opened in the apex at the bottom of the vat, allowing grain to 
flow out at a constant rate of one cubic metre per minute. If height and radius are 
measured in metres, and time is measured in minutes, at what rate is the height 


of the grain stored in the vat decreasing, when h = 2 metres? 


[8 marks] 


(b) A farmer has 100 metres of fencing wire, with which she wishes to enclose a 
feeding area for livestock. If the enclosure is to be rectangular in shape, what 
length and width should the farmer specify if she wishes to maximize the feeding 


area, and what is the maximal area ? 


[12 marks] 
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Question 4 [24 marks] 
(a) Let f(x) be a continuous function and define 
F(2) = i f(t) dt. 
1 


Use the Fundamental Theorem of Calculus to evaluate F’(2) (in its simplest form) 


when f(x) = sin(7z). [4 marks] 


(b) Compute the following definite and indefinite integrals: 


(i) pe —2x44+ 8x dz 


[3 marks] 
(ii) = esin(a? dx 
[3 marks] 
(iit) / ; te” dt 
[4 marks] 


(c) Find the area of the plane region bounded by the graphs of the parabola, 


y =x? —x —1, and the line y = —z. [5 marks] 


(d) Find the volume of the solid of revolution obtained by rotating the graph of 


y= x3 around the z-axis, 1<a< 2. [5 marks] 
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Question 5 [24 marks] 
(a) Write the system of equations 
x—3sy+4z=1 


22+ 2y—z=0 
32 — 2y+5z=—-1 


as an augmented matrix, and use row-operations to determine the space of solu- 


tions. 


[8 marks] 


(b) Compute the vector cross-product v x w for the vectors v = (3,0,—1) and 
w = (1,—2,1) in R®. [4 marks] 


(c) Define what it means for a set H to be a vector subspace of R’. Use your answer 
to part (b) to explain why v and w generate the vector subspace defined by the 
equation 

2x+4y+6z=0. 


[8 marks] 


(d) Compute the determinant of the matrix 


1-3 4 
A=|2 2 -1 
3-2 5 


Without trying to solve it explicitly, explain why the matrix equation 
Ax=b 


must have a unique solution, regardless of the choice of the vector b in R?. 
[4 marks] 


Please Remember-— 
This examination question paper MUST BE HANDED IN. 


Failure to do so may result in cancellation of all marks for this examination. 


Writing your name and number on the front will help us confirm that your 


paper has been returned. 


